
Chiral Kozue Duality

Last week We saw top fact

algebras a generalization of
Ez algebras Those were sheaves

on the Ran Space An Ez algebra

is a locally const fact algebra
In particular we can take to
disjoint disks I collide them and

get an actual multiplication

We then have an SA space ofmult



Today Describe a holomorphic

de Rham version The main

feature is having operator
product expansion OPE

Take the Laurent expansion
of him laxity The 1st formalism1 7 0

50.5 VOA a vector space V

equipped w a unit a derivation

V z D
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m

n

2 7



satisfying a
long list of axioms

a fact alg on a formal disk

Dof by Borcherds 1986

51 Chiral Algebras
A global reformulation

by Beilinson Drinfeld Idea

x ̅ proper smooth curve in char o

AE D mod X Let

2 X Δ X2 X D

A Chiral dg str on A is

µ 2 2 A A



satisfying anti Comm Jacobi

identity

Ex
The unit de alg wx

µ 2 8 W 1 11 1 w 2E2
adjunction

Δ W 2 D WXED

More generally for AE CAlg D mod x

µ 2 2 A Δ A
2

A A A

This is a commutative Chiral Alg



Def A Lie alg is the same

data as a Chiral alg except
E A

2 A

w o the polar part
Ex Given a sheaf of Lie alg L

def L L DX

Prop Universal enveloping

Ucʰ Lie X ChAlg x obtr

U L Ind RIDE
L

Air Dx L



Ex Let f be a sis lie alg

Ag Nch J Dx More generally

wx Ly go DX 0

no Ag k Uch L2 k 1 1 is the

Kae Moody chiral alg

Agr x Vgik
1 2 Ag Ag

F Z W x Yn polar partof

fc2 DE XnYm 2 w
1

Xn th
EG



2 Factorization Algebras

We can also translate fact
alg to the holomorphic setting
Let RanX he Then

Sets op

U x x α i 67 L

D mod RanX Colin D mod XI

in MID mod
M Ants

Def A factorization algebra



is BE D mod RanX
factorization structure

B did Bs

compatibility

Given a fact alg B define
A BI We have a map

µ 1 192 If B B1
I 1

factorization adjunction def of
D modRon

Claim A g is a chiral alg
we have I FactAlg X

ChAlg X



Thin BD I is an equivalence

Well see a proof by Francis Gaitsgory
The main idea of the proof
Define a symm mon Str on

D mod RanX S.t

Lie D mod Rank coltly D modRank

10

ChAlg x FactAlg X

53 Monoidal Structures on RanX

Reminder Alg e 5 Fun Fin



Let pst pSh Aff We define

2 CAlg's in Corr pst

monoidal Str

as Ranx
union Rank

Ranx

Composing w Corr pst Cate we get
a s.m.cat D mod RanX

ch monoidal Sfr
and Ran

10 Jan

I Ran Kiss xi̅nxj̅
union

417 Ran X

D mod Ranch



Explicitly

Mi Mds

1M a 4M 3

Def Bop A chiral algebra

Lie algebra is an object

Ae Lie D mod RanX resp

Ran sit the underlaying D mod
is in the essential image of
9 D mod X D mod Rank



Explicitly A A A my

µ 22 22 A A A A As A

Def Prop
Let BE coltly D mod Ranch

B B

a find IfBg

B did F Bs

We say B is a factorization

alg if x is an equivfor all α



54 Koszal Duality

Reminder monoidal Cat

Op e Algy
Ʃ

coop e coAlg

Bar Op e collp e cobar

6 106.1 1011

181
T.tf.EI.P.IE 1 P

T Op e Monad e

Ʃ
Endle

So collp e aMonad e



10m X
Ʃ

Algo e To mod e

Alg
dP e So comod e

Rem cottlgple will arrest to

a

Prop Bar Lie Comm 1

Idea lie Assoc Comm

So we want a map

Alg e cotlgpa.co e



let Alg e Alg e se

be the pull push along the augmentation

Lemma EE S Bar G

Idea Spara Say
x

1 I 1060 1 I 1 x
id

9 I I id To id x did x

idoExaction commutes
w geo realization

I TGE X I e I
18 EX C X



Cor Algo e

e e comod eDo
His

e

Conj

Alg e Alyce coAlgrild.P.io
Baro

FALSE in

Will be true in our case
eneral

Upshot D mod RanX
Colin D mod Ran X



no pro nilpotent char on

Alg Alg coAlghd.PE coAlgo
Thm KD lie comm CE induces

Lie D mod Rank co Alg D modRan 9

Them Restricts to an equiv

ChAlg x FactAlg X

Idea AE ChAlg X

CE A Sym A A

I underlaying D module



Es Sym A 1

mgr CE A Sym ALI A

go CE A I did As Ʃ

The factorization property is then equivto

LICE A y AA
I

2 y gr CE A

i e 2 gr CE A o Is 111

This happens precisely it As
is supported on a diagonal
So that it will be annihilated



by y which in turn is equiv

to A Δ A1


